We study ultrastrong-coupling quantum-phase-transition phenomena in a few-qubit system. In the one-qubit case, three second-order transitions occur and the Goldstone mode emerges under the condition of ultrastrong-coupling strength. Moreover, a first-order phase transition occurs between two different superradiant phases. In the two-qubit case, a two-qubit Hamiltonian with qubit-qubit interactions is analyzed fully quantum mechanically. We show that the quantum phase transition is inhibited even in the ultrastrong-coupling regime in this model. In addition, in the three-qubit model, the superradiant quantum phase transition is retrieved in the ultrastrong-coupling regime. Furthermore, the N -qubit model with U (1) symmetry is studied and we find that the superradiant phase transition is inhibited or restored with the qubit-number parity.
I. INTRODUCTION
The Dicke model, where a large number of atoms interact with a single radiation mode, has attracted much attention in the studies of quantum electrodynamics (QED) in the cavity and superconductor circuit systems since it was first proposed by . It was later found that in the thermodynamical limit, i.e., the atom number N → ∞, and in the strong-coupling regime, the model exhibits a superradiant quantum phase transition (QPT) [10] [11] [12] [13] [14] [15] [16] . In a large N limit and a single-qubit coupling strength beyond the critical point, the effective coupling between atoms and the radiation mode becomes comparable to the bare frequencies of the atom and radiation mode, which leads to the occurrence of a superradiant phase transition.
Recently, a similar QPT behavior has been demonstrated in the limit where the ratio (ω q /ω r ) of the qubit frequency to the single-mode resonator frequency diverges [17] [18] [19] [20] [21] [22] [23] [24] . Meanwhile, the experimental realization of an ultrastrong-coupling regime for single-qubit and single-mode resonators in superconductor circuit systems has been realized [25] [26] [27] [28] . This makes it possible to investigate the QPT phenomena in a single-qubit or few-qubit level in a controllable circuit system.
In this paper, first, we consider a superconductor configuration where a single qubit is coupled both inductively and capacitively to a resonator which induces two different kinds of atom-resonator coupling terms g x and g y , respectively. As the Dicke Hamiltonian with only one kind of coupling term has a discrete Z 2 symmetry, the particle non-conserving terms cannot be neglected in the ultrastrong-coupling regime and the Hamiltonian does not have U (1) symmetry. However, in our work, * Email address: xbwang@mail.tsinghua.edu.cn for the Hamiltonian with two different kinds of coupling terms g x and g y , the continuous U (1) symmetry is preserved for g x = g y . For such a system, we find that three different superradiant phases can occur in the situation where ω q /ω r → ∞ and g x or g y beyond the critical points. In particular, in the superradiant phase where g x = g y , the Goldstone mode emerges. Moreover, a firstorder phase transition occurs between two different superradiant phases when two different discrete symmetries are broken. Our analysis is in agreement with the study proposed in Ref. [15] in the thermodynamical limit where N → ∞. Second, we consider a circuit configuration where two atoms are coupled to the same cell resonator in a transmission line, both inductively and capacitively, and qubit-qubit interactions are involved. We find that in this model, the quantum phase transition is inhibited even in the ultrastrong-coupling regime. Third, we consider a model with three qubits. We find that even in the presence of qubit-qubit coupling, a superradiant phase transition is retrieved. Fourth, an effective Hamiltonian for N qubits is given. For such a system, we find that the presence of a superradiant phase transition depends on the qubit-number parity.
The paper is organized as follows. In Sec. II we propose a one-qubit circuit QED system. We derive the effective low-energy Hamiltonian and discuss the phases of the one-qubit model. In Sec. III we consider a twoqubit circuit QED system with qubit-qubit coupling. We derive the effective low-energy Hamiltonian and discuss the phases of the two-qubit model. In Secs. IV and V, we extend the situation to three-qubit and N -qubit situations. Finally, Sec. VI summarizes the main conclusions of this work.
Superconducting circuit model with one atom coupled both inductively and capacitively to a transmission line resonator. Figure 1 shows a superconducting circuit with one artificial atom. The artificial atom is coupled both inductively and capacitively (with capacitance C g ) to a transmission line resonator with inductance L r and capacitance C r . The atom (fluxonium) consists of a Josephson junction with capacitance C q and Josephson energy E J coupled to inductances L 1 and L 2 [15, 29] . The Lagrangian of the circuit reads
II. ONE-QUBIT MODEL
where Φ 0 = /(2e) is the flux quantum and Φ ext is the external flux. By definition, the charge Q i is conjugate to the flux Φ i (obeying [Φ i , Q j ] = i δ ij ), and hence Q i = ∂L/∂Φ i :
By applying Kirchoff's law, we can get the relation
By applying Eqs.
(1)-(3) and the definition H = Q rΦr + Q qΦq − L, we obtain
By quantizing the transmission line resonator mode, we express Φ i r as Φ r (x i ) = cos(kx i ) Ωr Cr (a + a † ) and
, and d is the length of the transmission line resonator. Note that here we only consider the lowest resonant mode of the transmission line resonator. Next, utilizing a two-level system approximation for the qubit H q (with Φ ext = πΦ 0 ), we can write
, and Q q = −ω qCq Φ q 0 σ y , where |g and |e are the ground state and first excited state of the qubit Hamiltonian, respectively. Finally, we obtain the following quantized Hamiltonian ( = 1),
where
The Hamiltonian given by Eq. (8) commutes with the parity operator Π = e iπ(b † b+σ+σ−) and it possesses a discrete Z 2 symmetry. Especially, when g x = g y , the Hamiltonian is reduced to a Jaynes-Cummings (JC) model and it possesses a continuous U (1) symmetry which is invariant under a gauge transformation e iϑ(b † b+σ+σ−) . Here, we consider the parameter regime where ω q ≫ ω r . In this limit, we can make a unitary transformation
, which is equivalent to the adiabatic elimination. After this transformation, the obtained effective Hamiltonian decouples the low-energy (spin-down) and high-energy (spin-up) spin subspace. Projecting the effective Hamiltonian to the low-energy subspace, we obtain
where λ x = gx √ ωrωq and λ y = gy √ ωrωq . The detailed derivation is shown in Appendix A. Diagonalizing Hamiltonian Eq. (9), we obtain
. It is easy to see that ǫ is imaginary
y > 2, the characteristic energy ǫ is negative. The above two abnormal phenomena suggest the failure of Eq. (9) to describe the low-energy property and a higher-order subspace should be taken into consideration. These phenomena also suggest the occurrence of superradiant phases in the above two cases.
To investigate the low-energy property, we consider the following transformed Hamiltonian,
) for λ x > 1 and λ x > λ y , and α =
for g x > 1 and g x = g y as in Ref. [24] . Here,
, and φ = 0 for λ x > 1 and λ x > λ y ,
, and φ = π 2 for λ y > 1 and λ y > λ x . Note that here the qubit frequency and qubit-resonator coupling coefficients are rescaled. Following the same low-energy approximation as that of Eq. (8), we get 
. The eigenstates of the system are |ψ =
|m |↓ , which implies a nonzero coherence of the resonator field where a = α. Note that in the case λ x = λ y and λ x > 1, we haveǫ = 0. This indicates that the Goldstone mode emerges. Our analysis shows that the critical point of the superradiant phase transition appears at λ x = 1 or λ y = 1. The ground-state resonator-mode number is n G = 0 for λ x < 1 and λ y < 1, and n G = |α| 2 for λ x > 1 or λ y > 1. Therefore, n G is an order parameter. The ground-state energy is ǫ G = − ωq 2 for λ x < 1 and λ y < 1,
) for λ x > 1 and λ x > λ y , and
) for λ y > 1 and λ y > λ x . The groundstate energy ǫ G is continuous, while ∂ 2 ǫ/∂ 2 g x is discontinuous at λ x = 1 and λ x > λ y , so that the normal-phase to the superradiant-phase transition is of second order. Analogously, ∂ 2 ǫ/∂ 2 g y is discontinuous at λ y = 1 and λ y > λ x , which indicates a second-order phase transition. Moreover, ∂ǫ/∂g x and ∂ǫ/∂g y are discontinuous at λ x > 1 and λ x = λ y , therefore the transition between these two kinds of superradiant phases is of first order. The corresponding phase diagram is shown in Fig. 2 .
III. TWO-QUBIT MODEL
The superconducting circuit configuration with two atoms is illustrated in Fig. 3 . Two fluxoiums are coupled both inductively and capacitively to the same cell resonator of the transmission line resonator. The Lagrangian of the circuit reads
According to Eq. (12), the corresponding Hamiltonian is
Note that qubit-qubit interaction terms are added in the two-qubit Hamiltonian. Following the same quantizing procedure as in the one-qubit case, we obtain the following Hamiltonian H 2 ,
2 . The coefficients D x and D y are not independent. After calculation, one finds that D y happens to be
is not conserved for g x = g y . Therefore the continuous U (1) symmetry is not preserved. Since [e
y ], the U (1) symmetry is restored if the sign of D x or D y is reversed. Following the method shown in Refs. [30, 31] , the sign of the qubitqubit coupling coefficients can be reversed by applying a sequence of local qubit rotations. The obtained Hamiltonian is
In order to diagonalize the qubit-qubit coupling terms, spin operators σ k 1,2 are transformed to fermionic operators via the Jordan-Wigner transformation,
where σ
. After a linear transformation of fermionic operators, the Hamiltonian H
In the ω ′ q /ω ′ r → ∞ limit, we transform the Hamiltonian H 2 with a unitary operator U ′ = e S ′ . The detailed derivation is shown in Appendix B. Being projected to the low-energy subspace, the effective Hamiltonian is
After diagonalizing the Hamiltonian, we obtain Here, ̟ is real and positive. Consequently, the phase transition is inhibited even in the ultrastrong-coupling regime.
IV. THREE-QUBIT MODEL
The Hamiltonian for the three-qubit model is
2 . In the ω ′′ q /ω ′′ r → ∞ limit, by applying second-order perturbation theory, we obtain an effective Hamiltonian, and the corresponding phase diagram is shown in Fig. 4 . It is easy to see that the superradiant phase is restored.
V. DISCUSSION
Obviously, our results can be extended to the N -qubit situation for g x = g y . The Hamiltonian for the N -qubit model is
The qubit Hamiltonian can be diagonalized as
where J is the total angular momentum of qubits, the spin number j = 0, 1, 2, ..., 
We can easily see that when N is even, the phase transition is inhibited. However, when N is odd, a superradiant phase transition occurs in the ultrastrong-coupling regime and the phase-transition point is at λ = √ 6.
VI. CONCLUSION
In summary, first, we made a fully quantum mechanical analysis of the one-qubit Hamiltonian by using an effective low-energy theory in the limit ω q /ω r → ∞.
A second-order phase-transition occurs and a Goldstone mode emerges in this limit. In addition, a first-order phase transition occurs between two different superradiant phases. Second, a two-qubit Hamiltonian beyond the Dicke model is analyzed fully quantum mechanically. We show that the quantum phase transition is inhibited even in the ultrastrong-coupling regime in this model. Third, a three-qubit model is analyzed and the QPT is restored. Finally, we extend our results to the N -qubit case. The N -qubit Hamiltonian Eq. (24) is
where H 
